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Two-Time physics appUes broadly to the formulation of physics and correctly de- 



^ I scribes the physical world as we know it. Recently it was applied to a 2T re- 
^ ■ formulation of the d = 4 twistor superstring, which was suggested by Witten as 
^ ■ an efficient approach for computations of physical processes in the maximally super- 
symmetric = 4 Yang-Mills field theory in four dimensions. The 2T formalism 
^ ! provides a six dimensional view of this theory and suggests the existence of other 
•jH I d = 4 dual forms of the same theory. Furthermore the 2T approach led to the first 



formulation of a twistor superstring in ci = 10 appropriate for AdSsxS backgrounds, 



CN ■ and a twistor superstring in d = 6 related to the little understood superconformal 



theory in d = 6. The proper generalization of twistors to higher dimensions is an 
O ■ essential ingredient which is provided naturally by 2T-physics. These developments 
are summarized in this lecture^. 



Oh! 

^ : 1 Introduction 



Two-Time Physics (2T-physics) is a natural framework in higher spacetime with 2T 
^ i signature that encodes and unifies many aspects of physics, from simple quantum 
I mechanics to strings The 2T- physics formalism is free from any problems with 

unitarity or causality, thanks to appropriate gauge symmetries. One-time Physics 
(IT-physics) is correctly embedded in the 2T-physics framework. 

The IT interpretation of a 2T-physics system depends on the perspective of embed- 
ding phase space in {d — 1,1) dimensions into phase space in [d, 2) dimensions. This 
is done by making a gauge choice, which yields a holographic image of the physical 
subspace of the {d, 2) phase space. Consequently, the same system in {d, 2) is viewed 
as various holographic dynamical images in various {d — 1, 1) embeddings. From the 
point of view of 2T-physics, many aspects of IT-physics, such as the Hamiltonian 
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with interactions, time and space, are all emergent concepts that depend on the em- 
bedding. In particular twistors provide a particular holographic image of the system 
in ((i, 2). The 2T- physics formalism leads to the proper generalization of twistors to 
any dimension j2] as will be outlined in this lecture and presented in more detail in 

The d = 4 twistor superstring developed by Witten jH [Hj and Berkovits jEl 13 E! 
coincide with a 2T superstring [Hj in (4,2) dimensions with SU(2,2|4) supersym- 
metry, when the 2T superstring is discussed from the perspective of twistors. In 
addition, the 2T superstring approach in (6,2) dimensions with OSp(8|2) supersym- 
metry, and (10,2) dimensions with SU(2,2|4) supersymmetry, yielded new twistor 
superstrings that were conceived for the first time, thus demonstrating the usefulness 
of the 2T-physics formalism. The (10, 2) case yields a holographic twistor description 
of the space AdSsX S^, with a twistor superstring whose particle limit spectrum is 
the full Kaluza-Klein towers of type IIB supergravity compactified on AdSsxS^. This 
spectrum contains information about hidden dimensions with (10, 2) signature as dis- 
cussed earlier ^J[llJ, and the new superstring extends the (10,2) view of AdSsxS^ 
to the realm of strings. Similarly, the (6, 2) case yields a new twistor superstring 
whose particle limit describes a supermultiplet of a peculiar self-dual superconformal 
theory in (5, 1) dimensions whose physical space (in a lightcone gauge) consists of 8 
bosons and 8 fermions. Another description PJ of this supermultiplet is the unitary 
representation of OSp(8|4) in the oscillator formalism [12j which coincides with the 
OSp(8|4) doubleton given in This six dimensional conformal theory is expected 
to exist as an interacting theory, but it cannot be described in the form of a field 
theory jT3] . The twistor superstring may be a possible description of this interacting 
theory. 

Perhaps I should give some of the history that motivated the development of 2T- 
physics. It is often stated that 32 supersymmetries is the maximum possible number 
of supersymmetries, and therefore 11 dimensions, which has a spinor of 32 real com- 
ponents, is the maximum number of dimensions in a supersymmetric theory of fun- 
damental physics. However, the Weyl spinor in 12 dimensions, with signature (10,2), 
also has a real spinor with 32 components. Furthermore, the maximally extended 
supersymmetry algebra, called the M-algebra, has a symmetry of isomorphisms that 
include SO(10, 2) , which can be interpreted as acting on a 12-dimensional spacetime 
with signature (10,2). This point of view was expressed for the first time in 1995 
and related to dualities in one of my talks J3] and later further developed in [16j. 
The possibility of hidden timelike dimensions in M-theory was strengthened further 
by the hidden symmetry structures in the web of dualities involving D-branes, as in 
F-theory [T7] and S-theory p!Hj . 

Of course hints coming from symmetries, although suggestive, are not enough to 
infer extra spacetime dimensions. However, a dynamical theory involving the higher 
spacetime, which describes the recognizable world, would go a long way toward un- 
derstanding the higher spacetime. This was the motivation behind the development 
of 2T-physics, which after some attempts [18J finally took the correct physical form 
starting in 1998 as described in p. The backbone of the 2T structure is an Sp(2, R) 
gauge symmetry that acts in phase space. By generalizing this symmetry in several 
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appropriate ways 2T-physics makes contact with the real world. By now it is abun- 
dantly clear that the 2T framework describes correctly simple everyday physics as 
well as complicated structures in string theory. 

We don't have to wait until we discover the correct formulation of M-theory to 
know that 2T-physics is correct, and that it teaches us that there is a sense in which 
{d, 2) dimensions provide a higher unifying framework. This view is already born 
out in simple classical and quantum mechanical systems, and there are useful non- 
trivial consequences that follow from it. We have now come back full circle to using 
2T-physics techniques to try to construct corners of M-theory, such as the twistor 
superstrings given in [9J and described briefly in this lecture. 2T-physics suggests 
that we should look for a formulation of M-theory in (11,2) dimensions with global 
symmetry OSp(l|64) [IE][in]|lI!. 

In this lecture I will first give a brief description of the concepts in 2T-physics, 
and then describe the twistors and the twistor superstrings in ci = 3,4,5,6, 10 that 
were constructed by using the formalism. The twistors that emerge in the new twistor 
superstrings can be discussed without the full 2T formalism, as will be done in part 
of this lecture and in [Hj, so this aspect can be carried away and applied usefully 
elsewhere without the need for the full 2T package. However, the full 2T formalism is 
what provides the easy proof that the new twistors in the higher dimensions describe 
AdSsX (for d = 10), the six dimensional conformal theory (for d = 6) respectively, 
and of course the Super Yang Mills (SYM) theory (for d = 4). The 2T version of 
the theory is far richer because it relates the twistors to other dual forms of the same 
theory, and this aspect may be crucial ultimately for deeper understanding and for 
practical progress. 



2 2T-physics 

2.1 Gauge symmetry is the origin of spacetime signature 

First I suggest the point of view that gauge symmetry is at the origin of the IT 
spacetime signature (— , +,...,+), and then show that the same point of view leads 
to the 2T signature (— , —,+,■■■ , +) . 

Consider the action of a particle on the worldline which is invariant under r 
reparametrizations 

S = j^dr {drx^p^ - e(r)g {x,p) ) , (1) 

where e(r) is the gauge field that transforms as 5ee(r) = dre{T), while the in- 
finitesimal transformations of x (t) ,p (r) are given by the Poisson brackets S^x^^ = 
eiT){Q,x^'} = -e{T)dQ/dp^ and 5p^ = £(r){Q,p^} = e{T)^Q/^x^'. The La- 
grangian transforms into a total derivative so that 5^8 = drdr (sQ) = 0, with 
boundary conditions e (ti) = e {T2) = 0. The well known free massless relativistic 
particle action corresponds to Q{x,p) = \rj'^''p^Py, while the general Q{x,p) can 
describe all possible interactions of the particle in any background. For example for 
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an electromagnetic background we have Q = ^r]^'^ {p^ — qA^ (x)) {p„ — qAy (x)) . Ev- 
idently Q is the generator of the local gauge symmetry. The equation of motion for 
e requires Q {x,p) = 0. The space in which the gauge symmetry generator vanishes 
is evidently gauge invariant (a singlet under gauge transformations). Therefore, this 
equation is interpreted to mean that the physical space (either classical or quantum), 
defined to be the solution space of Q {x,p) = 0, is gauge invariant. 

Consider at first the simplest case Q {x,p) = p^ = 0. We notice that if the signature 
in p^ = rj^'^p^Pu is Euclidean the only solution of = is = 0, so that no 
non-trivial solution exists for physical space for Euclidean signature. To describe 
non-trivial motion, target space-time must have 1 time 

p- p = -pi +p^ = 0. 

There are nontrivial solutions also with more timelike dimensions, however r reparametriza- 
tion is insufficient to remove the ghosts of more than 1 timelike dimension. Therefore 
unitarity of the theory requires that spacetime cannot have more than 1 time. Thus, 
r reparametrization requires just one time coordinate no more and no less. Causality 
corresponds to admitting only nonwinding maps r — > (r) . 

iFiom the simplest case Q {x,p) = p^ we have learned that the signature of the 
parameter e (r) in r reparametrization is timelike. Thus, a timelike (or lightlike, but 
not spacelike) degree of freedom can be removed from x'^ (r) and similarly a timelike 
degree of freedom can be removed from p^ by solving the constraint p^ = 0. For the 
more general Q {x,p) the signature of e (r) is the same as before, therefore the gauge 
symmetry will remove a timelike degree of freedom, not a spacelike one, and the 
constraint Q {x,p) = can have a solution provided target spacetime has signature 
(— , +,...,+) that includes a timelike degree of freedom. Therefore we deduce that 
the gauge symmetry requires that there has to be one timelike degree of freedom in 
any target spacetime (relativistic, nonrelativistic, curved, etc.). 

This reasoning is broadened by starting with a worldline action that is invariant 
under Sp(2, R) gauge symmetry introduced in 1]. For the simplest case Sp(2, R) acts 
on phase space as a doublet, and an invariant action is written as follows 



Sp(2,R) doublet: ^^^j J = Xf z = 1, 2 

A/ gauge field: = ^^Xf - A/ Xf , 



^ Vmn 



2 J dT{e''drXf'xf - A'^ Xf ) (2) 
Sp(2,R) generators : X ■ X, X ■ P, P ■ P, ^ Xi ■ Xj = 

We deduce that physical space must be Sp(2,R) singlet Xj ■ X^ = 0, and then ask 
for which signature t]^'^ can we find a nontrivial physical space? We quickly learn 
that there is no non-trivial content for zero times or one time, and therefore we must 
admit that target space-time must have 2 times 

-X^, - X^ + Xj = 0, etc. X ■ P = P ■ P = 
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Compared to r reparametrization, Sp(2,R) has 2 more gauge symmetries and 2 more 
constraints. These ehminate 2 more degrees of freedom from both X^'^ and P^^ . Thus 
by starting from a space with signature {d, 2) we end up with an emergent spacetime 
with signature (c? — 1, 1) by making various gauge choices 

r\\ /-I -1 \ signature of extra / i -i -i \ emergent 

5 / \ 1 ) gauge parameters \^ space-time 

We conclude that physical spacetime has {d — 1) space and 1 time, just like before, 
but these must be embedded in a higher spacetime with signature {d,2). 

This would not be very deep if there were a single solution to this embedding. 
The non-trivial aspect is that there are many ways in which phase space in [d — 1,1) 
is embedded in phase space in [d, 2), and this provides many ways in which time (or 
Hamiltonian) is defined in the emergent spacetime. The embedding provides a holo- 
graphic image of the events and motion in the {d, 2) space, which can be interpreted 
very differently from the perspective of each of the emergent spaces in {d — 1, 1) since 
each such space defines time (and Hamiltonian) differently than one another. Even 
though we start from a single well defined 2T-physics system in {d, 2) , we end up 
with many holographic pictures that are interpreted differently, with different Hamil- 
tonians, in IT-physics PT] . 

Considering also unitarity we find that no more than 2 times are possible since the 
Sp(2, R) gauge symmetry cannot remove the ghosts from a spacetime with more time- 
like dimensions. In this case causality is satisfied since the situation in the emergent 
(d — 1,1) is no different than the one time situation. 

The simple model above has been generalized to include arbitrary interactions with 
all possible background fields [22] • The generalized action is S" = / dr^drX^ Pm — 
\A^^Qij {X, P) and the gauge symmetry is still Sp(2, R) , with 5A^^ = drUJ^^ + [A, a;]/ 
and Qij the generator for infinitesimal transformations SX^'^ = u^^ (r) {^Qij, X'^^ = 

(r) dQij/dPM, and 5P*^ = u'^ (r) {Qij, P^} = -J^ (r) dQij/dX^K The general- 
ized Qij {X, P) depend on background fields in {d, 2) dimensions, such as Am {X) ,Gmn {X) , 
etc., and those are constrained by the requirement that Qij {X,P) must satisfy the 
Sp(2, R) algebra. This leads to differential equations for the background fields. All 
possible solutions are obtained in j22], and it is shown that this covers all possible 
interactions with backgrounds in IT-physics, including the Maxwell field A^ [x) , the 
gravitational field g^v{x) , etc. as described in Eq.([T]). A similar but less complete 
analysis has been done also for spinning particles PE] . 

In this way we can argue that possibly all of IT-physics can be embedded in 2T- 
physics. It is evident that from the same 2T-physics model, with fixed backgrounds, 
one can obtain in principle many IT-physics systems in the form of various holo- 
graphic images, thus showing that 2T-physics unifies the various dynamics in IT into 
a parent theory in 2T that reveals the hidden relationships and symmetries that are 
not evident at all in the IT approach. 

2.2 Some examples of emergent dynamics and spacetimes 

Consider the simplest case of a 2T-physics action for a particle in flat {d, 2) spacetime 
as given in Eq. In this lecture I will illustrate two solutions of the constraints 
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that are inequivalent from the point of view of IT-physics, but which are evidently 
equivalent under the Sp(2, R) gauge transformations of the 2T theory, and therefore 
dual to one another. The first case is the relativistic massless particle and the second 
case is the hydrogen atom. Sometimes it will be convenient to express the fiat [d, 2) 
metric in lightconc type basis. By using the extra dimensions , we define X^ = 
(X"' ± X^')/V2 so that the metric is ds^ = - {dX^'f + {dX^'f + +dX^'dX''7]^^ = 
-2dX+'dX-' + dXi^dX^'-q^,^ with r]^^ the {d - 1, 1) Minkowski metric. 

2.2.1 Relativistic spacetime gauge 

In the lightcone type basis we choose two gauges by fixing X^' [t] = 1, -P'^'(t) = 
for all T, and then solve two of the constraints X"^ — X ■ P — {). This solution is given 

by 



X^ ^ \^,x^/2,x^ \ X ■ X = -2X-'X+'+X^'X''r]^„=0 (3) 

P^ ^ (i, x'-'pj^^ X-P = 0, P-P = p^ 

There remains one more gauge choice to be made and one more constraint = to 
be solved, but we refrain from doing those steps for now. To interpret our choice of 
independent variables we investigate the form of the gauge fixed action 

gauge fixed S = J dr ^ ■ p — -A^^p^ 

and note that x^,p^ are canonical variables which describe the massless relativistic 
particle in (d — 1, 1) dimensions. To be sure of this fact, we can also investigate that 
the original equations of motion X^ = A^^P^+A^^X^ and = ^A^^X^-A^^P^ 
are fully consistent with the equations of motion that follow from the gauge fixed 
action. 

The original gauge invariant action was symmetric under the S0{d,2) global 
symmetry. The conserved gauge invariant generators of that symmetry are — 
e^^X^Xj^ = X^P^ — X^ P^ . Since both the action and the generators are gauge 
invariant, the gauge fixed action must have a hidden SO((i, 2) symmetry, with gen- 
erators given by the gauge fixed form of L^^^ . Indeed, the gauge fixed generators 
become the conformal symmetry of the massless particle 

gauge fixed L^'^^ become conformal SO(ci, 2) 

L-^'" = p", L-'" = —p^" -x-px". 

When the system is quantized in terms of the relativistic variables x^,p^ the L'^'^ 
must be carefully quantum ordered. The ordering must insure Hermitian relative 
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to a relativistic norm for the quantum states. When this is done [l| one can compute 
the Casimir eigenvalue of the S0{d,2) representation that describes the massless 
spinless particle. The result is in complete agreement with covariant quantization of 
the 2T system, and is given by 

1 (f 
After quantum ordering: C2 = -L^'^ Lmn = 1 — ^ 

same as SO{ii,2) covariant quantization in Sp(2,R) invariant space 

This representation is known as the singleton in ci = 3,4 and thus we will call it the 
singleton for any d. Note that at the classical level (not watching orders of operators) 
one obtains zero for the Casimir since L^^'^Lmn is constructed from X^,P^,X ■ P 
which vanish in the physical sector. 

2.2.2 H-atom gauge 

Another solution of the constraints = = X ■ P = 0, is 

^ ^ 1' i 

X =[rcos'U, rsinw, ry/—2H,(f^ — )j r= Irl (4) 

—a a/r 

r r \r / 

where H = ^ — ^, and u = {f-p — 2tH) ■ The interpretation of the emergent 
dynamics is found by examining the gauge fixed action 

Evidently, this is the spinless Hydrogen atom (or a planetary system, etc.). The orig- 
inal SO((i, 2) global symmetry L'^^ = x'^^P^ — x^P^^ must be a hidden symmetry 
of this action. The gauge fixed generators are (at the classical level) 



-O'O _ Tii — ^i^i ^i^i Tl'i — ^ 1 ^ ^ ^ 



L"" = ^^=, =ry -r^p\ L'' = ^^={r■pp'~ry-a- 
^/^2H V^2H\ ^ r 

L =— r-psmwH 1 icosM, L =r-pcosMH 1 Ismw, 

a ' y/^2H^ a 

TO'i i a ,r* r-p ■, . ^r.- ■ . a ,r' r-p •, 

L =rp COS u H I plsmw, L =rpsmu ( picosM 

In the first line one can recognize the angular momentum and the Runge-Lenz vector 
that are long known to be conserved quantities of the H-atom system (i.e. commute 
with if) and that they correspond to a hidden SO((i) symmetry (better known as 
SU(2) xSU(2)=SO(4) in 3 space dimensions). However, 2T-physics gives a stronger 
symmetry, not of the Hamiltonian, but of the action. According to 2T-physics the 
H-atom action is invariant under SO((i, 2). Indeed this symmetry can be verified 
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directly^. Before this was understood in 2T-physics no-one seems to have been aware 
of the symmetry of the action, although there has been discussions of a dynamical 
SO (4, 2) algebra of the H-atom system. 

We can go further by quantizing the system, ordering properly the operators and 
computing the Casimir operator. We find again that C2 reduces to a pure number 
which corresponds to the singleton representation j2l] 



This is what it should be according to the general properties of 2T-physics. Indeed 
Lmn are gauge invariant and they should give the same Casimir in any gauge. This 
also fits the idea of a duality between the free relativistic particle and the H-atom, 
since these are derived from the same 2T action by gauge fixing, and therefore they can 
be transformed to each other by the Sp(2, R) gauge transformations. Such Sp(2, R) 
transformations are easily constructed classically between the gauges Q and (jH). This 
is expected to succeed also at the quantum level in the form of unitary transformations 
among dual bases, since the quantum states in either gauge belong to the same 
representation of SO((i, 2) with the same Casimir operators. 

2.2.3 More examples of emergent dynamics/spacetimes 

Many more IT dynamical systems emerge holographically from the same 2T theory 
given in Eq. (0). The diagram below illustrates some of the cases that have been 
investigated |21|. 



After quantum ordering: C2 = -L Lmn = 1 — 




d+2 to d holography gives many IT systems. 
Each one is a basis for C2=l-d^/4 irrep of S0(d,2). 
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These include interacting as well as free systems. The quantum theory has been 
investigated, and the quantum ordering of the L^^^ operators has been obtained for 
the cases of the massless relativistic particle, H-atom, harmonic oscillator, particle 
on AdSrf.fcxS'^ background, particle in the SL(3, R) black hole, and twistors. In each 
case it is shown that C2 = 1 — 

The IT systems are derived from the same 2T system by making an Sp(2, R) 
gauge choice. In each case some combination of X^^ (r) , P^'^ (r) is gauge fixed to 
be r. The canonical conjugate to that choice is always the Hamiltonian written as a 
function of the remaining phase space degrees of freedom. Although the Hamiltonian 
(time) looks very different in each case, it still represents a holographic image of the 
original 2T particle. Thus, each one of these systems represents the same 2T theory 
although they each have a different interpretation in IT-physics. In the IT context 
they must be interpreted as being dual to each other. In the quantized version each 
one provides a basis for the same singleton representation of SO((i, 2) . Within the 
same representation they must correspond to different bases (which diagonalize the 
respective Hamiltonian) related by unitary transformations. The existence of such 
relationships are not at all evident in the IT approach. 

Further generalizations include 2T formulations of spinning particles |2S1, space- 
time supersymmetry twistors 13013, and some study of 2T-physics in the con- 
text of field theory and string theory [S]- ^ lot more basic research is awaiting 
to be developed in 2T-physics. 

With what we know so far about 2T-physics, it is evident that it applies broadly 
to physics and correctly describes the physical world as we know it. The advantage 
of 2T-physics over IT-physics is its unification of various IT systems into a single 2T 
system, thus providing a more unified perspective. This aspect could be illuminating 
for the physics that we already understand in the IT formalism by taking advantage 
of the revealed hidden symmetries and by exploring the unsuspected duality type 
relationships among various IT dynamical systems. Knowing these facts should shed 
light on the solution and interpretation of physical systems. Furthermore, the 2T 
approach could be used as a tool for formulating the physics we don't fully understand 
yet, such as M-theory. The mystery of M-theory has been my main motivation so far 
in pursuing and developing this approach. 

3 Twistors as a gauge choice in 2T-physics 

Twistors were obtained as one of the possible gauge choices in 2T-physics in j2], 
and this has been further explored in and For this purpose we consider a 
group or supergroup G that contains SO((i, 2) as a subgroup {G =SO((i, 2) is the 
smallest choice). A group element g (r) & G is introduced as a degree of freedom in 
addition to (r) , P^^ (r) , and it is taken in the smallest representation of G such 
that SO((i, 2) G G is the spinor representation. When G is a supergroup it contains 
spacetime fermionic spinors that will be useful for spacetime supersymmetric theories. 
The group element g contains also more bosons beyond {X, P) which, in most cases, 
can be gauged away by additional gauge symmetries. 
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g is taken as a singlet under the Sp(2, R) gauge group, while (X*^, P^^) form a 
doublet. Next we introduce a further gauge symmetry embedded in G that acts on 
the left side of g, as well as on X^^ , P^'^ as specified below, to have the correct number 
of physical degrees of freedom for a (spinning) particle or superparticle after gauge 
degrees of freedom are eliminated. On the right side of g we maintain a full global 
symmetry G, therefore rows of g transform as spinors under the SO((i, 2) e G. This 
is where twistors in the spinor representation of SO((i, 2) will come from. 

In most applications G is a supergroup, and the fermions in g are used to super- 
symmetrize the 2T system. However, it is also possible to discuss purely bosonic cases 
and even specialize to G =Spin((i, 2) . In this setting it is possible to choose gauges to 
eliminate degrees of freedom from g and/or from X, P. If all of g is eliminated, as in 
the purely bosonic G =Spin((i, 2) case, we remain only with X, P which give the 2T 
system discussed in the previous sections. However, if all of X, P and some of the g 
is eliminated we remain with some of the degrees of freedom of g which describe the 
same 2T system in terms of twistors. If G is an appropriate supergroup that yields 
the superparticle in one gauge, then in the twistor gauge (with X, P completely elim- 
inated) we obtain the supertwistor description of the superparticle. In this way we 
derive the correct supertwistor representation of several systems of interest in several 
dimensions as given in [2] and briefly described here. 



3.1 Supersymmetric 2T-physics 

The most general case studied corresponds to the supersymmetrization of the spin- 
ning particle of spin n/2. For the spin=n/2 generalization we introduce n fermions 
ijjf^ , ■ ■ ■ , ip'^ in addition to X*^, P^^, g. Although in this lecture we will mainly discuss 
the n = case (i.e. only X, P, g), we first give the more general Lagrangian 

local 0Sp(n|2) 

gab —jj^g^-j-jj. 

g E Gj: supergroup (5) 

For n = the first line is the same as Eq. Q which describes the scalar 2T particle. 
The second line generalizes it with spacetime supersymmetry. In a specific gauge this 
system yields the standard superparticle as one of the holographic images |21] |2] • The 
nonzero spin case with supersymmetry has not appeared yet in the literature, it will 
be discussed in here we provide a brief description. 

The first line in Eq. (0) by itself describes the spinning particle with spin n/2. This 
generalizes the scalar 2T-particle in Eq. (j2I) by replacing the Sp(2) doublet (X^, P^) 
by the 0Sp(n|2) fundamental representation with n fermions, and introducing the 
corresponding gauge fields (which include the Sp(2, R) gauge fields along with 
SO((i) and fermionic counterparts) 

Y,= {X'\ P^, V'f , ■ ■ ■ , V'f ) , D,Y^' = - A^Y,^, J^^ = g^'Fj^n^ = L^^ + S 

fundamental of OSp(n|2) OSp(n|2) gauge field ^MJV^^IA/^iV] sp\n=S- 

(6) 



2W 
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This system (without the supersymmetrization of the second hne) was discussed in 
detail in [SB]- Since we don't have time to discuss it here, we will specialize to only 
n = in this lecture. 

The second line in Eq. (jS} corresponds to supersymmetrizing the system in the 
first line with or without spin. Here the supergroup with supersymmetries is 
taken for various dimensions d as one of the following supergroups 

Gd = OSp(iV|4)3, SU(2,2|iV)4, F(4)5, OSp(8|iV)6, PSU(2,2|4)io 

When (i = 3, 4, 5, 6 the spinor representation of SO{d, 2) corresponds to the first block 
in the fundamental matrix representation of Gd as shown below 



Gd=OSp{N|4)3,SU(2,2|N)4,F{4)3,OSp(8|N)g, etc. 

/r 

(r) = exp 



Spin(d,2) subgroup 


^spinor 
fcrmi 


e 

fcrmi 


R-symmetry 



(7) 



(i>6 supergroups contain more than Spin(d,2) ^ r^^i-'-^^PD-branefl 

Therefore, in these cases the coupling T^'^^ shown in Eq. © takes the 



matrix form 2-^^] (^^'J'^ [Jj . This coupling scheme |21jI21 applies to all 

the cases listed in the first column of the table Eq.® and to the S0(11, 2) covariant 
d = 11 OSp(l|64) toy M-model [201 the second column. 

For the d = 10 AdSsxS^ case listed in the second column the coupling scheme is 
slightly different. Namely, we do not keep full covariance SO(10,2) in 12 dimensions, 
but rather only under its subgroup S0(4, 2) xS0(6) = SU(2,2) xSU(4) . The super- 
group that contains this subgroup is PSU(2,2|4) . To take this into account we split 
the 12 coordinates into two groups of six each = (X™, X^^ , and similarly for the 
momenta P^'^ = (P"^, P^) , and associate the first six dimensions with the upper block 
of the PSU(2,2|4) matrix and the last six dimensions with the lower block (in place 
of the R-symmetry). Therefore, for d = 10 the coupling (^/,*fAf_|_^MAf-^ -pMAf gj^Q-^^ 

in Eq. ® takes the matrix form \ (L'""+S™") (^7 J) + ^ {L^^+S^^) (J Jjj) . This 
(i = 10 2T model, for n = (i.e. no spin 5"*^^ or S^"^), produces the supersymmet- 
ric particle moving on AdSsxS^ in one of its holographic images, and its physical 
quantum spectrum is identical to the Kaluza-Klein towers of type IIB supergravity 
compactified on AdSsxS^ pJlj. This is a model of interest in the context of the d = 10 
twistor superstring described below, and the AdS-CFT correspondence. A similar 
model for the d=ll AdS4xS'' or AdSyxS'' listed in the table does not lead to the 
corresponding compactification of = 11 supergravity, but rather to the first massive 
level of the d=ll super membrane. 



d=3: 


Spin(3,2)=Sp(4)cOSp(Af|4) 


d=10 : 

AdSsxS^ 


Spin(4,2)xSpin(6)cPSU(2,2|4) 


d=4: 


Spin(4,2)=SU(2,2)cPSU(2,2|7V) 


d=ll : 

AdS4xS^ 


Spin(3,2)xSpin(8)cOSp{8|4) 


d=5 


it contams 
Spin(5,2)c F(4) ^Iso SU(2) 


d=ll : 

AdSyxS* 


Spin(6,2)xSpin{5)cOSp{8|4) 


d=6 


Spin(6,2)cOSp{8|Ar) 


d=ll: 


toy M-model 
Spin(ll,2)cOSp(l|64) ,,,, ^ ^_,E1 


any d 


purely bosonic 
Spin(d,2)=G twistors in any d 


etc. 


generalizations of above 



(8) 
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For d > 6 supergroups contain bosonic subgroups that are larger than SO{d, 2) as long 
as we insist that S0{d,2) appears in the spinor representation^. The extra bosons 
contained in g correspond to D brane-like degrees of freedom. If we require full 
covariance for SO{d, 2) we are forced to admit these as additional degrees of freedom 
beyond those of the superparticle. The toy M-model in ci = 11 based on OSp(l|64) 
is one of the most interesting cases of this type [20]. By breaking the covariance to 
a subgroup of S0{d,2) we can build 2T models such as the AdSd-fcxS'^ cases based 
only on particle degrees of freedom similar to what was described above. 

3.2 Twistor gauge 

The Lagrangian in Eq. ^ has an evident global symmetry Gd which corresponds to 
group transformations on the right side of g. These leave the Cartan form (dg) g~^ 
invariant. The conserved Noether charge for this symmetry is the supermatrix Jj^ 
in the Lie algebra of Gd 

Gauge invariant global symm jj^ ~ - (Lmn + Smn) {d^^^'^^'^ d) 

The Lagrangian is also invariant under a number of local symmetries. To begin there 
is the built in 0Sp(n|2) local supersymmetry on the worldline as in Eq. In 
addition, there are local spacetime supersymmetries. Some of these become easier to 
notice by rewriting the Lagrangian (jSJ in the form 

^ = ^^"'^^ {g-'Ya ■ Tg) {g-'Y, ■ Tg)] - ]^A^'Y, ■ Y, 

Then it is easy to see that there is an invariance under local transformations [Spin(c?, 2) 
X R-symmetry]G Gd that are simultaneously applied on the left side of g as well as 

"^Here we give a list of the smallest bosonic subgroups in a supergroup G that contain Spin((i, 2) 
for 3 < d < 12. We also list the generators, and their numbers in parentheses, as represented by 
antisymmetrizcd products of gamma matrices r*^^ '^^" = ■^^^'^^^ ■ ■ ■ r*^"l in dimension d+2 labelled 
my M 



d 


Spin(d, 2) 


spinor 


C Gbose 


generators of Gbose in Spin(d, 2) basis 


contained in 


3 


Spin(3,2) 


4 


Sp(4, R) 


pMiV (10) 


(4 X 4), 


4 


Spin(4, 2) 


4± 


SU(2,2) 


pMiV (15) 


(4 X 4*) 


5 


Spin(5,2) 


8+ 


SO* (8) 


pMiV (21) + pM (7) 


(8 X 8), 


6 


Spin(6,2) 


8+ 


SO* (8) 


pMiv (28) 


(8 X 8), 


7 


Spin(7,2) 


16 


SO* (16) 


pMiV (3g) ^ pMiVA (84) 


(16x 16), 


8 


Spin(8,2) 


16± 


SU* (16) 


T^'^ (45) + r^>'^^^^^ (210) 


(16 X 16*) 


9 


Spin(9,2) 


32 


Sp* (32) 


r*"" (55) + r*^ (11) + r*^i-^"^= (462) 


(32 X 32), 


10 


Spin(10,2) 


32+ 


Sp* (32) 


YMN (gg) _^ pMi...M« (4g2) 


(32 X 32)^ 


11 


Spin(ll,2) 


64 


Sp* (64) 


pjMiv (78) + r*""^ (286) + r^"^i-^>^« (1716) 


(64 X 64)^ 


12 


Spin(12,2) 


64± 


SU* (64) 


r^"^V (91) ^ pAliVAi. (1001) + piVli -Me (3003) 


(64 X 64*) 



The antisymmetric r*^i '*^" are associated with group parameters ijJMi---M,i {t) that cannot be 
eliminated by the gauge symmetries, and therefore they are additional degrees of freedom analogous 
to D-brane collective coordinates. 
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on the M index of . There is also local fermionic kappa supersymmetry that is 
also applied on the left side of Gd as well as on as explained in Let 
us review what physical degrees of freedom remain after gauge degrees of freedom 
are removed. We consider n = in what follows (i.e. supersymmetrizing the scalar 
particle), the general n is similar. 

The local Spin((i, 2) x R-symmetry has enough gauge parameters to remove all 
of the bosons from g in all the cases listed in the table Eq.®, except for the toy M- 
model which has D-braneJ^. Therefore for those cases the bosonic degrees of freedom 
are just the particle phase space (X^, P*^) or their gauge equivalent. 

The local kappa supersymmetry has enough fermionic gauge parameters to remove 
3/4 of the fermions shown in Eq.((7j) for d = 3, 4, 5, 6 and the d = 11 toy M-model. 
On the other hand for the d = 10 AdSsxS^ case only 1/2 of the 32 fermions can be 
removed by the kappa supersymmetry, while for the ci = 11 AdS4xS'^ or AdSyxS^ 
there is no kappa supersymmety at all. 

This summarizes then the physical degrees of freedom up to gauge equivalences. 
The interesting aspect of 2T-physics is that the gauge equivalence within the 2T- 
system does not necessarily imply that the IT interpretation is the same, but rather 
that there are dualities between various holographic IT images, as in the figure above. 

It was shown in [21] 1210 that, for n = and d = 3,4,5,6, one can choose a 
gauge that reduces the 2T system to the standard superparticle in the corresponding 
number of dimensions. Also it was shown in |10| that the ci = 10 SU(2, 2|4) case can 
be gauge fixed to the superparticle moving on the AdSs x background. 

In this lecture we will concentrate on the twistor gauge [210 for the n = case. 
By using the local symmetry Sp(2, R) xSpm{d, 2) , and the constraints X ■ P = X"^ = 

= 0, we can gauge fix (r) , P^ (r) for all r to the following trivial configuration 



— ■ -I- — 1 -I-' — ' ~r — I 



X*'^=(X+', 0,0,0,0), P*^=(0,0,P+,0,0), t = l,--- ,{d-2). (9) 

In this gauge the purely bosonic system for any d, the supersymmetric systems for 
d = 3,4, 6, and the d = 11 toy M-model listed in Eq. © collapse to the form^ 

L = ~^^Tr l^drgg-' (^^ ^ l^^=-tdrZ'^^ZAa,a=l,---,k (10) 
J/ - L^'^ (g-' (^0 o) = -^z^^z^"" ' Z'^^Zm = (11) 

In an appropriate basis for gamma matrices^ we find F^'^ = 2r^ 0"^® Ik which is 

^For the d = 10 AdSs xS^ case the gauge fixed forms of X, P are different as given in Ea. l|17(l . 

gamma matrices that satisfy r*^f ^ + r^f *^ = 2ri^^^ are chosen in a Weyl basis as follows 



r±' (^±V2t=^) (g) 1 (g) Ifc, r± =r3(g (^±V2cr±) (glfe, r, = r3. 



i = l,--- Jd~2) 

> CT3 (g) 7i, 



7i is k X k matrix 

In odd dimensions we have = F*^. In even dimensions F*^ differs from F*^ only for the last 
gamma matrix, which is proportional to the identity l^k = I2 <g I2 g* Ife , namely Td-2 = Hik = 
~f (i-2- For example for d = 4 or S0(4, 2) :=SU(2, 2) , we have fc = 1, we choose 71 = —1, and take 
F2 = iU = -f 2- Then we construct F^^^ = i (F^^f ^ - F^f *^) as 4 x 4 matrices. 



13 



a 4k X Ak matrix with lots of zeroes and k nonzeroes off tlie diagonal. Therefore only 
certain off-diagonal rows of g denoted by Z""^ and certain off-diagonal columns of 
denoted by Z^^a contribute in the trace in L or to J^. Also the relation gg^^ = 1 
implies the constraint Z"'^ZAb = as an off diagonal entry in the matrix 1. The A, B 
indices label the fundamental representation of Gd and therefore the Z^a denote k 
supertwistors with a = 1, ■ ■ ■ , fc. Thus the theory has now been written in terms of 
twist ors. 

Note that for d = A the group is PSU(2,2|4), the gamma matrices are 4x4, 
and k = 1. Therefore for d = A there is a single supertwistor Z^ in the fundamental 
representation of PSU(2,2|4) and it is constrained by Z^Z^ = 0. These constrained 
twistors describe CP^'^. Thus the 2T formalism for supertwistors is in full agreement 
with the expectation about twistors in four dimensions. The 2T formalism gives the 
appropriate generalization to all the other dimensions mentioned earlier. These will 
be described below case by case for a few dimensions of special interest. 

The Lagrangian in (fTUj) suggests that Z'^^ is the canonical conjugate to ZAa and 
therefore the twistors can be expressed in terms of oscillators. The current Jj^ for the 
global symmetry in Eq. pUl is constructed from these oscillators, and the quantum 
states are obtained in the Fock space of these oscillators. The physical states are the 
subset of the Fock space that satisfies the constraint Z°'^ZAh = 0, and form a unitary 
representation of the global symmetry Gd- This setup precisely coincides with the 
Bars-Giinaydin (BG) oscillator approach to unitary representations of supergroups 
developed in 1983 [12j. The additional constraint is a gauge invariance condition 
and is implemented by following the discussion about "color" in the improved oscil- 
lator formalism given in ^Tj. Therefore, we can easily obtain the quantum spectrum 
and compare to the quantum spectrum in another gauge, such as the superparticle 
gauge. The agreement is perfect as expected from the 2T approach, since each gauge 
corresponds to a holographic image of the same 2T system. 

The supertwistors are constrained as shown above. The full solution of these 
constraints in terms of unconstrained degrees of freedom is given as a coset Tp G 
Gd/Hr, where Hr is a gauged subgroup Hr of Gd, that is a remainder of the original 
gauge symmetries mentioned before. Hr is identified as the subgroup that contains 

all the generators of Gd that commute with the generator represented by ^'"q [J j . 

We can then show jH] that the Lie algebras of hr and of the coset tr form triangular 
sub-supergroups, and they satisfy (anti) commutation rules of the type PEl 

[hr,hr}r^hr, [tr,tr}~ir, [/ir, ^r} ~ /^r + (12) 

Furthermore the system can be written in terms of the unconstrained degrees of 
freedom t e Gd/Hr in the form 

i - -^Tr (r;- «)) , ^ L-^ °) ,13) 

This is like a sigma model based on a coset but the Lagrangian is linear in the Cartan 
connection drtt~^ (as opposed to quadratic form for the sigma model) and there is 

an unusual insertion „ ° ) . 
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3.3 Supertwistors for d=4 and SYM spectrum 

The twistor must reproduce the physical degrees of freedom and quantum states of 
the corresponding d = 4, N = 4 superparticle, as expected from the 2T formahsm. 
Let's see how this is obtained exphcitly. 

To begin the superparticle has 4x,4p and 166* real degrees of freedom in super phase 
space. We remove Ix and Ip, due to r reparametrization and the corresponding 

= constraint. We also remove 8 fermionic degrees of freedom due to kappa 
supersymmetry. We are left over with 3x, 3p, 86 physical degrees of freedom. With 
these we construct the physical quantum states as an arbitrary linear combination 
of the basis states in momentum space \p,<y), where a is the basis for the Clifford 
algebra satisfied by the 8^. This basis has 8 bosonic states and 8 fermionic states. 
Viewed as probability amplitudes in position space {x,a\ilj) these are equivalent to 
fields i/j (a;)g^_,_g^ which correspond to the independent solutions of all the constraints. 
One finds that these are the same as the 8 bose and 8 fermi fields of the Super Yang 
Mills (SYM) theory which are the solutions of the linearized equations of motion in 
the lightcone gauge. They consist of two helicities of the gauge field A±i (x) , two 
helicities for the gauginos ip'^i (x) , '4'~i,a (^) the 4,4 of SU(4) , and six scalars 

(x) in the 6 of SU(4) . 
Now we count the physical degrees of freedom for the twistors. We have already 
explained following Eq. (|1U|) that for ci = 4 we have one complex twistor in 
the fundamental representation of PSU(2,2|4), with a Lagrangian and a conserved 
current given by 

L = iZ^drZA, J A = -'^ZaZ^, and Z^Za = (14) 

Za is in fundamental representation of PSU(2,2|N) ^CP^I^ 

To start Za has 4 complex bosons and 4 complex fermions, i.e. 8^ + 8i;' real degrees 
of freedom. However, there is one constraint Z^Za = and a corresponding U(l) 
gauge symmetry^, which remove 2 bosonic degrees of freedom. The result is 6b + 8f 
physical degrees of freedom which is equivalent to CP^'^, and the same number as 
3x, 3p, 89 for the superparticle, as expected. Instead of constrained twistors we can 
also express the CP^'^ theory in terms of unconstrained coset parameters in the form 
()12I13|) where was given in and with more details in 

To construct the spectrum we could resort to well known twistor techniques by 
working with fields cj) (Z) that are holomorphic in Za on which Z^ acts as a deriva- 
tive Z^(f) (Z) = dcj) (Z) /OZa, as dictated by the canonical structure that follows from 
the Lagrangian (jl4j) . Imposing the constraint amounts to requiring (plZ) to be ho- 
mogeneous with a given degree h, namely ZaZ^c/) (Z) = ZaOcP^Z) /OZa = h(f){Z) . 
Only one value of h is permitted. Naively h is zero at the classical level, but at the 
quantum level we have to determine the correct value of h that may arise due to 
quantum ordering. In the case of the d = 4 N = 4 superparticle described by the 
PSU(2,2|4) twistor indeed we find h = 0, and the resulting spectrum is again the 

This can be restated by reformulating the above system by rewr iting L = [dr + A) Za with 
an extra U(l) gauge field A, and deriving the constraint by varying A. 
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-ttibj 




-Fbj 




-i)rhj 





SYM fields. This is the degree zero wavefunction (p {Z) described in . Recall that 
in jH] there are also twistor wavefunctions / {Z) , g (Z) that describe the spectrum of 
conformal gravity; those arise in the same twistor formalism, but at a different value 
of h. However, since only one value of h is permitted in the current superparticle 
model, only SYM states (p {Z) are present. Of course, this is no surprise in the 2T 
setting. We have simply compared two gauges, and we must agree. 

It is also worth analyzing the quantum system in terms of oscillators related to 
twistors and understand the unitarity of the physical space. We emphasize that Z^ 
is obtained from Z^ by hermitian conjugation and multiplying by the PSU(2,2|4) 
metric. To see the oscillator formalism clearly we work in a basis of SU(2,2|4) in 
which the metric is diag (I2, — 12, 14) • This is the SU(2) xSU(2) basis for SU(2, 2) , to 
be contrasted with the SL(2, C) basis in which the metric is off-diagonal and usually 
used to discuss Lorentz covariant twistors. The two bases are simply related by a 
linear transformation that diagonalizes the metric. In this diagonal basis we identify 
the oscillators as (a bar over the symbol means hermitian conjugation) 

SU(2) SU(2) 

L = iZ^drZA = ia^drai — ibidrb^ + it/j^dripr ^ ' ' 

r = 1, ■ ■ ■ 

Z^ = (a^ -bj, r) , Ja = -2ZaZ^ = 



It is significant to note that, after taking care of the metric in Z as above, the usual 
canonical rules applied to this Lagrangian identifies the oscillators as being all positive 
norm oscillators [aj,a-'] = 6^, = Sj and [ipr,'4''^} = ■ Therefore all Fock 

states have positive norm. However, among them we must choose only those that 
satisfy the constraints 

= Z^Za = a'ai - bjF + i)''i)r = a'ai - {¥bi + 2) + ^''V'r 
^ 2 = Na + - Ni, = A, Na,N^,Nb number operators 

This is precisely the BG oscillator formalism for unitary representations of noncom- 
pact groups \TI\ for a single "color" . The constraint A = 2 is discussed in jTTj . These 
physical states are characterised by identifying the following lowest supermultiplet 

(A + l "^+1/2 ^['•^ _ ■4>-l/2,a_ _ _ \ 
a*a^ aV", ^p^iJ% V^'^'^"", fe^^VV^^^V^" |0) 
(I'O'l) (i,0,4) (0,0,6) (0,1,4) (0,1,1) J 

which is annihilated by the double annihilation generators afij which is part of 
in the conformal subgroup SU(2, 2) . All other states with A = 2 are descendants ob- 
tained by applying arbitrary powers of the double creation generator a^b^ in SU(2, 2) . 
The lowest states correspond to the SYM fields, the descendants are analogous to ap- 
plying multiple derivatives on a field. The classification of the lowest states under 
SU(2) xSU(2) xSU(4) cPSU(2, 2|4) is given under each combination of oscillators in 
the form {ji,j2, dim {SU (4))) where ji,j2 correspond to the spin quantum numbers 
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in each SU(2). In arriving at these quantum numbers we took into account that d^a^ 
is symmetric while ip'^il)^ is antisymmetric, etc. Above each of the oscillator combina- 
tion we indicated one of the physical helicity components of the SYM fields associated 
with that state. This is because in comparing the compact SU(2) xSU(2) cSU(2,2) 
to the helicity embedded in the noncompact Lorentz group SL(2,C) cSU(2,2) we 
must identify as helicity only the spin up part from the first SU(2) and the spin down 
part from the second SU(2) . 

Although we gave a whole supermultiplet of lowest states above, there really is 
only one lowest oscillator state for the entire unitary representation of PSU(2,2|4). 
That one is simply ip^ip^lO), which satisfies A = 2. All other states with A = 2 are 
obtained by applying all powers of on this state (note [A, J^] = 0). This is called 
the doubleton representation of PSU(2,2|4) (sometimes also called the singleton). If 
we watch carefully the orders of the oscillators we can show that the generators of 
PSU(2,2|4) in this representation satisfy [TT| the following nonlinear constraints 

(JJ)/ = 4(J)/ + (15) 

The linear J follows from the commutation rules among the generators, the coefficient 
4 is related to overall normalization of J, while the coefficient is the PSU(2,2|4) 
quadratic Casimir eigenvalue C2 = 0. This equation should be viewed as a set of 
constraints that are satisfied by the generators in this particular representation, and 
as such this relation identifies uniquely the representation (there is a unique C2 = 
representation if we also specify the SU(2,2) conformal dimension=l). If the theory 
is expressed in any other form (such as particle description, or field theory) the 
doubleton representation can be identified in terms of the global symmetry as one 
that must satisfy the constraints (|15p. automatically requiring the 6 scalars as 
the lowest SU(4) multiplet. This is a completely PSU(2,2|4) covariant and gauge 
invariant way of identifying the physical and unitary states of the theory. Of course 
the d = 4, N = 4 SYM fields satisfy this criterion. 

3.4 Supertwistors for d=6 and self dual supermultiplet 

Now that the concepts have been illustrated clearly for = 4, we summarize quickly 
the equivalent statements for d = 6. The superparticle in d = 6 and = 4 starts 
out with 6x, 6p, 169 real degrees of freedom. Fixing r, and kappa local gauges and 
solving constraints, reduces the physical degrees of freedom down to 5x, 5p, 8 6. The 
superparticle action has a hidden global super conformal symmetry OSp(8*|4) |211I3, 
therefore the physical states should be classified as a unitary representation under 
this group. 

If we quantize in the lightcone gauge we find 85 + 8f states which should be 
compared to the fields of a six dimensional field theory taken in the lightcone gauge. 
There are two possible candidates; (1) the linearized six dimensional SYM theory with 
A^ = 4 SUSY in the lightcone gauge, and (2) the self dual supermultiplet classified 
(covariantly) as 

S0(5,l) X Sp(4): C (16) 

self dual i^[+,;,]=9[Mi A^2M3l=^MlM2M3M4M5M69'''4AM5M6l 
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The SYM lightcone degrees of freedom consists of 8^ + Si?, with the 8 bosons be- 
ing: the transverse 4-vector Ai in S0(4) cS0(5, 1) and four real scalars (p' in an 
internal compact S0(4). On the other hand for the self dual multiplet, we have 



kl 



m 



the following lightcone fields: a self dual antisymmetric tensor = ieijkiA 
S0(4) cS0(5, 1) (i.e. 3 fields), and the Sp(4) traceless antisymmetric (5 scalars). 
These are clearly different. Only the self dual supermultiplet is consistent with the 
compact USp(4) cOSp(8*|4) classification (the fundamental 4 of USp(4) is not real 
but pseudo-real, while the 5 represented as 0''^^] is real). Therefore the initial hidden 
superconformal symmetry OSp(8*|4) of the superparticle (and of the 2T superparti- 
cle) is consistent only with the field theory for the d = 6 self dual supermultiplet. An 
interacting quantum conformal field theory with these degrees of freedom is expected 
but cannot be written down covariantly in the form of a field theory [14]. 

Let us now examine the twistors that emerged in Eq. (fTTH) for this case. We have 



'Aa 



Sbose 
Afermi 



12x2 rectangular matrix, A=l,--- ,12; a=l,2 
2 twistors in fundamental rep of 05p(8*|4) 



ZAa = (12,2) of0^p(8*|4) 



global 



X 



L = Z^"((9 + A) Z) 



Aa 



Ab 



SU(2) gauge invariants 



0, 



in Fock space 





/ an 


a2i 


\ 




Pseudo-real y 

1st & 2nd related — 




—d\ 




i: 4 of SU{4)cSO(6,2) 








a: 2 of SU{2)cSp(4) 




\ ^2 


-i'f 


/ 





Here 2"^°" is obtained from ZAa by taking hermitian conjugation and multiplying 
by the 12x12 diagonal matrix cizagf (I4, — 14, 12, 12)- However, ZAa is pseudo real, 
2aA _ ZBh^^"", as it is defined as part of the group element g eOSp(8*|4) with 
the correct signature. Then ZAa takes the form above in a natural basis. Thus the 
second column is related to the first one, but still consistent with a local SU(2) applied 
on a = 1, 2. When Z, Z of these forms are inserted in the Lagrangian, it is seen that 
according to the canonical formalism, the oscillators identified above all have positive 



. We count the degrees 
16b + 8^ 



norm [au,a{] =61= [a2i,al], jV^ic^^fj = 5f = |^2a,V^: 

of freedom before the constraints, and find that ZAa has (8B+4i?)x2(compiex) = 
(namely au, a2i, ipia, 4'2a)- The constraints are due to a SU(2) gauge symmetry acting 
on the index a = 1,2 (although it seems like SU(2) xU(l) , the U(l) part is auto- 
matically satisfied because of the pseudoreal form of ZAa)- The 3 gauge parameters 
and 3 constraints remove 6 bosonic degrees of freedom, and we remain with 10^ -|- 8i;' 
physical degrees of freedom. This is the same as the count for the superparticle 
{5x,5p,86). It is obvious we have the same number of degrees of freedom and the 
same symmetries OSp(8*|4) , with the symmetry being much more transparent in the 
twistor basis. 

Instead of constrained twistors we can also express this theory in terms of uncon- 
strained coset parameters in the form (jl2|13|) where h-p was given in with more 
details in 

The quantum theory can proceed in terms of twistors or in terms of constrained 
oscillators. The resulting representation, after satisfying the SU(2) constraints in the 
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Fock space of the oscillators defined above, is precisely the doubleton of OSp(8*|4) , 
and this is precisely equivalent to the fields in Eq. (fTH|) . This oscillator representation 
was worked out a long time ago in ^3] using again the BG method jT2]. The selection 
of the doubleton among many other Fock space states discussed in JH] is the analog 
of choosing the SU(2) "color" singlet in analogous discussion to the one in JT]. More 
details will be given in 0. 

3.5 Supertwistors for d=10 and AdS5xS^ KK towers 

This was explained in detail in Here we will quickly count degrees of freedom 
for the AdSsxS^ superparticle. This superparticle starts out with lOx, lOp, 169 real 
degrees of freedom. Fixing r gauges and solving constraints, reduces the physical 
degrees of freedom down to 9x, 9p, 16 6*. With 166''s we construct the Clifford algebra 
that is realized on states with 128^ + 128ir. These correspond to the supergravity 
multiplet. Hence this case is related to gravity. 

The superparticle action has a hidden global superconformal symmetry PSU(2, 2|4) 
whose generators are given in JU] , therefore the physical states should be classified as 
a unitary representation under this group. The resulting spectrum coincides with all 
the infinite Kaluza-Klein towers of type JIB supergravity compactified on AdSsxS^. 

Now we turn to the twistor gauge. This is a different gauge choice compared to 
(jni)- We have split phase space into two groups of six each, as X*^ = , 
pM ^ (pm^p^) ^ but the Sp(2) constraints is SO(10,2) covariant for the overall 12 
dimensions X"^ = P"^ = X • P. Using the Sp(2) xSO(4,2) xS0(6) gauge symmetries 
we choose gauges and solve all the Sp(2) constraints with the following configuration 



(17) 



In this configuration the only nonzero angular momenta that couple according to the 
scheme given above L^^ = ah = 1 and L^^ = ab = I. Therefore, instead of Eqs. (jllllOp 
we now obtain, with g gPSU(2, 2|4) , 
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L = --Str (drgg-'t) , J/ ~ l^g-'tg 
g G PSU(2,2|4) / [PSU(2|2) x PSU(2|2)] 



A ' V -r 



In an appropriate basis r°'°, F^^ can be taken to be diagonal 4x4 matrices, each with 
two +1 and two —1 eigenvalues, therefore F is the diagonal matrix diag (I2, — 12, —12? I2) 
Any generator that commutes with this matrix is a remaining gauge symmetry. Thus, 
there is still the gauge symmetry [PSU(2|2)xPSU(2|2)]. The first PSU(2|2) acts on 
rows 1,2,7,8 of g (+1 eigenvalues of F) while the second PSU(2|2) acts on rows 
3, 4, 5, 6 (—1 eigenvalues of F). After removing the gauge degrees of freedom the g in 
Eq.dHI) belongs only to the coset g E PSU(2,2|4) / [PSU(2|2)xPSU(2|2)]. We count 
the number of physical degrees of freedom as follows. The full PSU(2, 2|4) supergroup 
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contains 15 + 15 real bosons and 16 complex fermions, thus altogether 30b + S2f- 
The gauge subgroup PSU(2|2) contains 3+3 bosons and 4 complex fermions. There- 
fore PSU(2|2)xPSU(2|2) has 12^ + 16^? real gauge degrees of freedom. The physical 
degrees of freedom in the coset is the difference, namely 18^ + IGp- As expected 
this is the same number as the 9a;, 9p, 16 9 we counted for the AdSsxS^ superpar- 
ticle above. The hidden SU(2,2|4) symmetries of the superparticle are evident in 
this twistor gauge. Hence, one alternative description of AdSsxS^ is the coset given 
above. This is a new observation. 

We can now rewrite this in terms of constrained twistors, as we did for d = 4,6 
above. Rather than removing all of the gauge degrees of freedom we allow some of 
it to remain. Then from g we can extract four twistors which we call with the 
following properties^ 



A=l,- 
ZAa 


.. g a = l,2 a = 3,4 

' / bose fermi \ 8x4 rectangular matrix 

^ fermi bose ' 4 fundamental reps of PSU(2,2|4) 


ZAa 


= (8,4) of P5f/(2,2|4)^,,,,, X [P5f/(2|2) x ^(1)],_, 


L = 


z^^ {{d + A) z)^^ z-^ZAb = 0, ^r; ™acr"^"^ 



The first two twistors a = 1, 2 each has four bosons in 4 of SU(2, 2) and four 
fermions in 4 of SU(4) . The last two twistors a = 3,4 each has four fermions in 
4 of SU(2,2) and four bosons in 4 of SU(4) . On the basis a = 1,2,3,4 we act 
with a gauge symmetry PSU{2\2) x U{1), hence the Lagrangian is invariant under 
PSU{2,2\A)gi^f^^i X [PSU{2\2) x f/(l)],„,^i. Let us count the degrees of freedom. The 
complex Zag has (16B+16F)x2(compiex), therefore 32^ + 32f real degrees of freedom. 
PSU(2|2) xU(l) has (3+3+1)s+8f real gauge parameters. The gauge parameters to- 
gether with the corresponding constraints remove 14^ + 16 p- Therefore the physical 
degrees of freedom in ZAa is the difference, namely 18^ + 16i;', which is the same as 
the 9x, 9p, 16 6 we counted for the AdSsxS^ superparticle above. The global symme- 
try is still PS'f/(2, 2|4), and it has become evident rather than hidden in the twistor 
version we have just described. Hence, a new alternative description of AdSsxS^ is 
the constrained twistors ZAa given above. 

The quantum theory for this case can again be described by using the BG oscillator 
approach [121 [H]- -^^t now the "color" group is the supergroup PSU {2\2) x t/(l), 
and the discussion in [TT] should be modified accordingly. The "color" supergroup is 
mathematically a new case in the BG approach, and will be further analyzed in [Sj. 

3.6 Bosonic twistors in any d 

The methods above can be applied in any dimension with the purely bosonic group 
G =SO((i, 2) as hsted in Eq.®. In this case the analogs of the twistors ZAa corre- 
spond again to 1/4 of the columns of g~^. But for sufficiently large d (namely d > 6) 
there are more entries ZAa than there are group parameters in SO {d, 2) ; hence these 
ZAa come out with lots of constraints among the entries in these rectangular matri- 
ces, as dictated by the spinor representation of the group SO{d, 2). The independent 

^These correspond to the four middle columns of g^^, or equivalently the first two and last two 
columns of g~^, as discussed in [Hj. 
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parameters correspond to the coset tr as in Eqs. ()12|13|1 . These give the correct 
generahzations of twistors in the sense that they provide an alternative (twistor) de- 
scription of the massless relativistic particle in d dimensions. It is a holographic image 
in the 2T structure. As d gets larger and larger beyond d = 6 it becomes cumber- 
some to try to describe these in terms of oscillators, because of the complexity of the 
constraints on the oscillators. However, if we relax the requirement of only particles, 
and admit also D-brane degrees of freedom, as in footnote (jlj), then the oscillator (or 
twistor) approach becomes again a very efficient tool. The oscillator version includ- 
ing D-branes was described in [2] for the group 0Sp(M|2A^) , and applied to the toy 
M-model for OSp(l|64) in j2n|- A more detailed discussion of the twistors for general 
d, without and with D-branes, will appear in jHj. 



4 2T superstrings d=3,4,5,6,10 

So far in this lecture we discussed superparticles and the associated supertwistors, 
and their physical spectra. These have a direct generalization to superstrings via the 
2T superstring formalism given in jH]. Briefly, the action is 

^ d±X ■ P^-\AX ■ X-\B±±P^-P^-C±P^-X 

Xm{t, ct), Pm{t, ct), = ^[mPmy ^) string fields, and d± = \ {d„ ± dr] 

Here L^j, represent left/right movers, and similar to jH] there is open string boundary 
conditions. Lq is an additional degree of freedom that describes an internal current 
algebra for some SYM group G. The local and global symmetries are similar to those 
of the particle and are described in jH] . The global symmetry is Gd chosen for various 
d as before, Grf=OSp(8|4)3,SU(2,2|4)4,F(4)5,OSp(8|4)6. The particle gauge for these 
give usual type superstrings and the twistor gauge gives twistor superstrings, with 
the twistors described above. In the 2T philosophy each one of these have many duals 
that can be found and investigated by choosing various gauges. This is a completely 
open field of investigation at this time. 

Similarly to the d = 10 particle case we also consider the d=10 2T superstring 

^ d±X ■ P^-^AX ■ X-lB±±P^-P^-C±P^-X 

-l«r(a,«s('J-»r'"_..°r")) 

where SO(10,2)^SO(4,2)xSO(6), X"' = {X"\X'), P± = (P^.P,*), g(T,a) e 
SU (2, 2|4), and L^j^ = X[mPm]^ Lfj = X[/P^. The local and global symmetries are 
discussed in detail in [101,0 • particle- type gauge, the spectrum in the particle 

limit is the same as linearized type IIB SUGRA compactified on AdSsxS^. In the 
twistor gauge this theory is currently being investigated by using the twistors in Eq. 
(fTUj) . As usual , being a 2T theory we expect dual versions of the theory in other 
gauges. This could be very interesting in terms of M-theory. 
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5 Closing Remarks 



I have described the following established facts about 2T-physics 

• 2T-physics, with local Sp(2,R) & generalizations, gives emergent dynamics/spacetimes 
via d+2 — i^d holography. 

• IT-physics corresponds to d- dimensional holographs of the d+2 theory. Various 
holographs are dual; and the duality group is Sp(2, R) & generalizations. 

• When (i + 2 is in flat space each holograph has hidden SO((i, 2) symmetry. Its 
quantum Hilbert space forms a basis for same eigenvalues of the Casimirs of 
SO((i, 2). This applies with or without spin or supersymmetry. 

• Twistor space is a particular hologram of the d + 2 theory. In the twistor gauge 
the SO((i, 2) becomes more manifest as compared to other holograms. 

• The 10 + 2 twistor string, and its particle version show hidden (10, 2) holo- 
graphic structures in AdSsxS^ superstring and supergravity. These are strong 
indications that other aspects of M theory also have a 2T description. See 
related remarks in |p| that connect to |22j [SH] . 

At this point it is hard to resist to also make some speculations, as follows 

• The currently known corners of M-theory are very likely holograms of the same 
nature. The known M-dualities appear to be analogs of the Sp(2,R) & general- 
izations. This provides hints for the underlying gauge symmetry. 

• Together with the earlier indications described in the introduction, it seems 
now even more likely that M-theory would be most clearly formulated as a 13D 
theory with signature (11,2) and global supersymmetry OSp(l|64). 

6 Appendix: twistor string with SO(3, 1) signature 

Many people in this conference raised questions on the analytic continuation of 
S0(3, 1) to S0(2, 2) in the twistor superstring. Since I gave some thought to this 
point, I outline below what the differences are when one uses the correct signature 
S0(3, 1). There are definite changes in the formulation of the theory, beyond the 
naive analytic continuation that inserts i in appropriate places, as follows. I work in 
the Berkovits formulation as it appears in since this is the form of the 2T theory 
when we gauge fix the 2T superstring to the twistor gauge [Hj. 

When the signature is (3,1) the twistor in |H] must be the complex conjugate of 
the twistor Z^, except for the metric, namely = Z"^ as seen in Eq. (fT^ . Therefore, 
Za and Z"^ must have the same worldsheet conformal dimension 1/2. This differs from 
Berkovits's dim {Z) = and dim (Y) = 1. There is a definite consequence: There must 
be a shift in the stress tensor T, and in all the dimensions of the wavefunctions of 
physical vertices, as remarked in The following table gives the shifts 



22 



signature 


(2,2) 


(3,1) 


stress tensor 

dimensions 


T = Y^OZa 

2 110 


T = i Z'^dZA - ^OZ^Za 

2 1/2 1 1/2 


SYM vertex op 

dimensions 


1 1 


V<t> = j"'(pa (Z) no changes 

1 10 Z^tZ dim 1/2 OK 


Conf. SUGRA 

helicity +2, dims 


Vf = Y^fA (Z) 

1 10 


Vf = Z^fA (Z) 

1 1/2 1/2 Z^tZ 


Conf. SUGRA 

helicity -2, dims 


Vg = dZAg^ (Z) 

1 10 


Vg = dZAg"" {Z) 

1 1 5 -3 Z^tZ 


Amplitudes 

instanton number 


Tn = T + nd (YZ) 

n 


Tn = T + nd (ZZ) 

=T„-^d{YZ) ^ n^n-1/2 



Note that the SYM vertex (pa (Z) has still dimension zero, but now it must be con- 
structed from Z that has dimension 1/2 instead of Z that has dimension 0. However 
since (pa (Z) is homogeneous it means it is constructed from ratios of components of 
Za- Therefore the same wavefunctions will still appear, and so it seems that nothing 
changes in the SYM sector. This is good news. 

Although the SYM wavefunction (pa (Z) has the same dimension for either S0(3, 1) 
or SO (2, 2), the conformal supergravity wavefunctions (Z) , (Z) must have dif- 
ferent dimensions, as shown in the table. I had hoped that fA{Z) with dim(/) = ^ 
and g'^iZ) with dim(5f) = — ^ would not exist (and therefore get rid of the "confor- 
mal gravity pollution" in the theory); but apparently they do exist without much 
modification also. 

Another change is the stress tensor itself. The shift is equivalent to a shift in the 
instanton number n ^ n — 1/2. I have not checked the details if this is cancelled by 
additional modifications, and whether this is harmless as well. 
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